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Abstract

Systematic calculations of multiplet energy levels of all trivalent lanthanides in LiYF4 (YLF) crystal were performed using two

completely different approaches: diagonalization of the commonly used semi-empirical Hamiltonian and a fully relativistic discrete-

variational multi-electron (DV-ME) method which is based on a first-principles configuration-interaction (CI) calculation program

using molecular spinors obtained by the discrete-variational Dirac–Slater (DV-DS) calculations. The energy level diagrams within

4fn electron configurations were obtained by the former method, while those including both 4fn and 4fn�15d1 configurations were

obtained by the latter. Using the explicit many-electron wave functions, the absorption spectra of Pr3+, Ho3+, and Tm3+ in YLF

were calculated and compared with the experimental data.

r 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The 4fn energy levels of trivalent lanthanides (Ln3+)
in LaCl3 up to 40,000 cm�1 have been reported in details
by Dieke’s group almost four decades ago [1]. Their
energy level diagram is widely known as ‘‘Dieke
diagram’’ [2] and regarded as a general reference of
the energy levels of trivalent lanthanides. Later Carnall
et al. [3,4] have performed detailed calculations of the
4fn energy levels of trivalent lanthanides in different
environments based on the commonly used semi-
empirical Hamiltonian and extended the Dieke diagram
up to 50,000 cm�1. Recently, higher energy levels of
trivalent lanthanides in LiYF4 (YLF) have been
explored by Meijerink et al. [5,6] by measuring excita-
e front matter r 2004 Elsevier Inc. All rights reserved.
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tion spectra using synchrotrons and the Dieke diagram
has been extended up to almost 70,000 cm�1. Since the
technological importance of higher energy levels is
rapidly growing due to the strong demand for lumines-
cent materials or solid-state lasers in the ultraviolet (UV)
or vacuum ultraviolet (VUV) regions, the extension of
the Dieke diagram toward the higher energy region is
becoming more and more important. These energy
regions generally correspond to the high-lying 4fn and
4fn�15d1 configurations.

In order to investigate energy levels higher than
70,000 cm–1, we have recently performed theoretical
calculations of free trivalent lanthanides based on two
different approaches [7]: one is a calculation based on
the commonly used semi-empirical Hamiltonian and the
other is a fully relativistic discrete-variational multi-
electron (DV-ME) method which is based on a first-
principles configuration-interaction (CI) calculation
program using molecular spinors obtained by the
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discrete-variational Dirac–Slater (DV-DS) calculations
[8]. The complete energy levels of 4fn configurations
were calculated using the former while complete energy
levels of both 4fn and 4fn�15d1 configurations were
calculated using the latter. In the case of the relativistic
DV-ME method, calculated energy levels are over-
estimated typically by 20–30%. However, if we intro-
duce a certain element-specific scaling factor (0.7–0.8)
[7], the results of the DV-ME method agrees quantita-
tively with those of the semi-empirical method. The
large overestimation of multiplet energy is probably due
to the underestimation of electron correlations since
only the Ln-4f and Ln-5d orbitals are considered in these
CI calculations.

The crystal-field calculations of 4fn–4fn�15d1 absorp-
tion spectra of Ln3+ in YLF have been performed by
Reid et al. and Pieterson et al. and the general features
of the experimental excitation spectra have been
reproduced by estimating appropriate sets of
parameters [9,10]. However, the energy levels of 4fn�15d1

configurations significantly depend on the host crystal
due to the strong covalency between the Ln 5d orbitals
and the ligand orbitals. Therefore, the crystal-field
parameters for 4fn�15d1 configurations should also be
significantly dependent on the host crystal. Accordingly,
the determination of appropriate parameter sets gen-
erally requires a lot of experience and expertise in this
field.

On the other hand, a first-principles calculation can
be performed for any ions in an arbitrary environment
without introduction of any empirical parameters, i.e.,
without requiring any preliminary experience. There-
fore, investigation of the energy levels and optical
spectra using a first-principles method is expected to
give some basic information for appropriate semi-
empirical analysis of materials whose electronic struc-
tures are completely unknown.

In this paper, we have performed systematic cal-
culations of energy levels of trivalent lanthanides
in YLF as we have done for free trivalent lantha-
nides in our previous work [7]. Complete energy
levels for 4fn configurations were calculated using
the semi-empirical method while complete energy levels
for 4fn and 4fn�15d1 configurations were calculated
using the first-principles relativistic DV-ME method.
Using the explicit many-electron wave functions, the
absorption spectra of Pr3+, Ho3+, and Tm3+ in YLF
were also calculated and compared with the experi-
mental data.
2. Computational procedure

The most frequently used form of the semi-empirical
Hamiltonian for the calculation of lanthanide ions in
crystals is as follows:

H ¼ H0 þ
X

k¼0;2;4;6

Fkðnf ; nf Þf k þ zf ASO

þ aLðL þ 1Þ þ bGðG2Þ þ gGðR7Þ

þ
X

i¼2;3;4;6;7;8

tiT
i þ

X
h¼0;2;4

mhMh

þ
X

f¼2;4;6

pf Pf þ HCF, ð1Þ

where all terms have their usual meaning [4]. Effects of
crystal field (if an ion is embedded into a crystal or glass)
give rise to the last term in Eq. (1), whose structure is as
follows:

HCF ¼
X

k¼2;4;6

XN

m¼1

Bk
0Ck

0ðmÞ

þ
X

k¼2;4;6

Xk

q¼1

XN
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k
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�qðkÞÞ
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�qðmÞ � ð�1ÞqCk
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Bk
q stand for the crystal-field parameters, and Ck

qðmÞ

are one-electron spherical operators. Matrix elements of
all operators entering Eqs. (1) and (2) can be taken from
Refs. [11,12]. If the local symmetry of an impurity center
is S4 (as it is the case of the YLF crystal), only the
following crystal-field parameters are not equal to zero:
B2
0;B

4
0;B

4
4;B

6
0;B

6
4 [13]. For the determination of their

numerical values we used the ‘‘smoothed crystal-field
parameters’’ approach described in Refs. [14,15].
As reference data, we take the results of the
crystal-field analysis for Nd3+ and Er3+ions in
YLF, which had been performed in Refs. [16,17],
respectively. The smoothed crystal-field parameters
for the whole series of trivalent lanthanides in the
YLF crystal are shown in Table 1. These parameters
have been used to get complete energy level schemes for
all trivalent lanthanides (except Gd3+) in the YLF
crystal.

The fully relativistic DV-ME method is based on a CI
calculation program using the four-component fully
relativistic molecular spinors obtained by the DV-DS
cluster calculations [18]. In this work only those
electrons occupying the molecular spinors mainly
composed of Ln-4f states (impurity ion states) in the
ground state were treated explicitly. The relativistic
many-electron Hamiltonian used in the calculations can
be expressed (in atomic units) as

H ¼
Xn

i¼1

capi þ bc2 �
X
n

Zn

jri � Rnj
þ V0ðriÞ þ

X
m

Zeff
m

jri � Rmj

" #

þ
Xn

i¼1

Xn

j4i

1

jri � rjj
, ð3Þ
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Table 1

Ion B20 B40 B60 B44 B64

Ce3+ 371 �1103 61 �1657 �1536

Pr3+ 354 �946 49 �1421 �1230

Nd3+ [16] 379 �957 44 �1206 �1078

Pm3+ 338 �781 37 �1174 �933

Sm3+ 336 �739 34 �1110 �867

Eu3+ 336 �708 33 �1063 �820

Gd3+ 336 �681 31 �1024 �779

Tb3+ 337 �730 29 �1097 �737

Dy3+ 339 �635 28 �955 �696

Ho3+ 341 �617 26 �927 �664

Er3+ [17] 308 �523 23 �953 �623

Tm3+ 347 �593 25 �891 �633

Yb3+ 350 �576 24 �866 �598
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where n is the number of the Ln-4f electrons in the
ground state, a; b the Dirac matrices, c the velocity of
light, ri, pi the position and the momentum operator of
the ith electron, Zn and Rn the charge and position of the
nth nucleus, Zm

eff and Rn the effective charge and
position of the mth ion outside the model cluster. The
electron–electron repulsion term in Eq. (3) denotes the
interactions among these explicitly treated electrons. On
the other hand, V0(ri) in Eq. (3) denotes the Coulomb
potential on these explicitly treated electrons from the
other (core and valence) electrons and has the form [19]

V 0 ¼

Z
rG0 ðr

0Þ

r� r0j j
dr0

þ
3

4

rGðrÞVxcfrGðrÞg � rG0 ðrÞV xcfrG0 ðrÞg
rGimpðrÞ

"

� VxcfrGimpðrÞg

#
, ð4Þ

where rG, rGimp, r
G
0 represent the charge density of all

electrons, that of the electrons occupying the impurity
ion states and that of the remaining (core and valence)
electrons, respectively, and Vxc is the Slater’s
Xapotential. The superscript G indicates the values in
the ground state. We have diagonalized the above
Hamiltonian within the subspace spanned by the Slater
determinants composed of relativistic spinors with
dominant Ln-4f or Ln-5d characters and obtained the
energy level schemes of 4fn and 4fn�15d1 configurations
for all trivalent lanthanides. The diagonalization was
performed separately for the states with each irreducible
representation.

In the DV-ME calculations, the effect of the host
crystal can be directly taken into account by use of
model clusters. In principle, it is possible to optimize the
geometry around the impurity ions by the total energy
minimization using some of the modern quantum
chemistry programs. However, in the DV-DS method,
Coulomb potentials are calculated in the self-consistent-
charge (SCC) approximation [8], where they are
spherically averaged around each atom. Although the
SCC approximation is advantageous for larger and
faster calculations, it makes an accurate calculation of
the absolute total energy difficult. Therefore, in this
work we constructed a model cluster based on the
experimental crystal structure of YLF [20]. An (LnF8)

5�

cluster was used for the calculation and the effec-
tive Madelung potential was taken into account
by locating several thousand point charges at atomic
sites outside the cluster. There are several papers
[21,22], in which the embedding effects are treated
explicitly, by means of introduction of the correspond-
ing terms into the crystal Hamiltonian. This approach
allows one to obtain a more precise picture of
what is going on in the considered cluster and
the crystal and perform the geometry optimization.
Since in the present work we focus our attention on the
relative energy intervals and relative intensities in the
absorption spectra, the geometry optimization and
embedding effects other than the Madelung potential
are beyond our consideration and have not been taken
into account.
3. Results and discussions

The parameters of the semi-empirical free ion
Hamiltonian for all trivalent lanthanides were taken
from [4]; they have been used to find the eigenvalues and
eigenstates of all trivalent lanthanide ions in a free state.
The crystal-field parameters are taken from Table 1. The
calculated energy levels of trivalent lanthanides in YLF
are given in Fig. 1, where the energy levels for free ions
are also shown together for comparison. (The energy
levels of Gd3+ in YLF have not been obtained yet due
to our computational limitation.)

The results of the relativistic CI calculations are also
shown in Fig. 2, where the energy levels of 4fn and
4fn�15d1 configurations are shown in the left and right
columns. In Fig. 2, the lengths of the lines denote the
contribution of each configuration. A short line on the
left column indicates a partial contribution of the 4fn

configuration and there should be a corresponding short
line representing a remaining partial contribution of the
4fn�15d1 configuration to the state on the right column.
Although the short lines on the right column are buried
in a band formed with the full-length lines, we can
estimate their contribution from the composition of 4fn

configuration. One can note from Fig. 2 that, in the case
of ions in YLF, there exists a significant mixture
between 4fn and 4fn�15d1 configurations, which is absent
in the case of free ions due to the difference of
parity. The origin of this mixture is the lack of gerade/
ungerade representations due to the absence of center of
symmetry in S4 point group. The calculated energy levels
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Fig. 1.
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are overestimated typically by 20–30%. The major
reason for this discrepancy is probably underestimation
of electron correlations since only the states mainly
composed of Ln-4f or Ln-5d characters were considered
in the CI calculations due to our computational
limitations. The inclusion of the other orbitals such as
the states mainly composed of F-2p character is
expected to reduce this overestimation.

Although the energy levels are overestimated in the
first-principles method, if we take into account the
element-specific scaling factor estimated from the free
ion calculations [7], the results of the first-principles
method agree well with those of the semi-empirical
method and also with the experimental data such as the
Dieke diagram. In our work, despite the overestimation
of the calculated energy levels, the relative energy level
intervals are reproduced fairly well, which gives an
opportunity of the first-principles prediction of the
absorption spectra.

In the DV-ME method, the many-electron wave
functions corresponding to each state can be obtained
explicitly as linear combinations of the Slater determi-
nants. Therefore, we can calculate the oscillator
strengths of the electric dipole transitions directly.
Though we obtained the absorption spectra for the
whole lanthanide series, we restrict here the presented
results to the cases of Pr3+, Ho3+, and Tm3+ ions only,
to avoid making the paper too lengthy and the
theoretical and experimental spectra too small for
reading and understanding.

The theoretical absorption spectrum of Pr3+ in YLF
is compared with the experimental absorption spectrum
(LiLuF4:Pr

3+) [23] and the experimental excitation
spectrum [9] in Fig. 3. For easy comparison with the
experimental spectra, each level is broadened with 0.3 eV
full-width at half-maximum (FWHM) Gaussian func-
tions. The corresponding multiplet energy levels belong-
ing to each irreducible representation are shown above
the spectrum. The f–d transition energy is overestimated
by about 2.7 eV in this case. This is probably due to the
overestimation of the energy interval between 4f2 and
4f15d1 configurations. In the experimental spectrum,
there are three broad lines labeled as A, B, and C in the
figure. The intensities of these peaks gradually increase
in the experimental spectra. These features are also
reproduced by the ordinary crystal-field calculation [9].
In the present work, the intensity of peak B is relatively
overestimated. However, overall features of the spec-
trum are well-reproduced without any empirical para-
meters.

The theoretical absorption spectrum of Ho3+ in YLF
is compared with the experimental excitation spectrum
[24] in Fig. 4. Each level is also broadened with 0.1 eV
FWHMGaussian functions. Although the f–d transition
energy is underestimated by about 0.5 eV, the agreement
of the transition energy is better than the case of Pr3+.
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This is probably due to the cancellation of the over-
estimation of the energy intervals between the 4f10 and
4f95d1 configurations and the overestimation of the
multiplet splitting of the 4f95d1 configuration. The
former would increase the f– d transition energies while
the latter would decrease the threshold energy of the f– d

transitions. In the experimental spectrum, there are
mainly five broad lines labeled as A, B, C, D, and E in
the figure. There are characteristic features among the
intensities of these peaks: the intensity changes alter-
nately until peak D, and peak E is the strongest. These
features are also reproduced by the CF calculation [10].
According to the first-principles calculations shown in
Fig. 5, the number of energy levels of this configuration
is quite large and they almost form a band. However,
when the transition probabilities from the ground state
to these levels are calculated, only a limited number of
states contribute to the peaks in the spectrum. As a
result, the characteristic features of the experimental
spectrum were well-reproduced by the nonempirical
relativistic CI calculation.

The theoretical absorption spectrum of Tm3+ in
YLF is compared with the experimental excitation
spectrum [24] in Fig. 5. Each level is also broadened
with 0.1 eV FWHM Gaussian functions. The f– d

transition energy is underestimated by about 2.5 eV in
this case. Again, this is probably due to the competition
between the overestimation of the energy intervals
between the 4f12 and 4f115d1 configurations and the
overestimation of the multiplet splitting of the 4f115d1

configuration. In this case, the latter is dominant due to
the larger number of 4f electrons. In the experimental
spectrum, there are mainly five broad lines labeled as A,
B, C, D, and E in the figure. The intensities of these
peaks gradually decrease except the last one (peak E). In
the theoretical spectra the intensities of peak A are
underestimated, the reason of which is currently
unknown. Even in the CF calculation reported by
Pieterson et al. [10], there is similar underestimation of
the intensity of peak A. Therefore, the intensity
variation is difficult to reproduce even by the CF
calculation. One of the possible reasons of this
discrepancy is the effect of broadening. In this work,
we have broadened each peak uniformly. However,
the peak widths can be different for each peak. The
number of energy levels of this configuration is also
quite large in this case. However, when the transition
probabilities from the ground state to these levels are
calculated, only a limited number of states contribute to
the peaks in the spectrum and the relative peak positions
were well-reproduced by the nonempirical relativistic CI
calculation.

The wave functions of the 4fn�15d1 configurations are
expected to strongly depend on the interactions with the
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host crystal. Therefore, the reasonable agreement
between the theoretical spectrum and experimental
spectra demonstrated for three ions indicates that the
calculated many-electron wave functions include these
effects and can be used for the prediction of basic
features of f–d transition spectra. Calculations of the
absorption spectra for all other lanthanides embedded in
YLF and comparison with experimental data will be
reported elsewhere [25].
4. Conclusions

In the present work, systematic energy level calcula-
tions for all trivalent lanthanides in YLF have been
performed for 4fn and 4fn�15d1 electronic configurations
using two completely different approaches. The com-
plete 4fn energy levels were obtained by semi-empirical
calculations and the complete 4fn and 4fn�15d1 energy
levels were obtained by the fully relativistic DV-ME
method. The results of the two approaches are in good
agreement with each other if a certain element-specific
scaling factor was taken into account for the DV-ME
results. In the case of trivalent lanthanides in YLF, the
mixture between the 4fn and 4fn�15d1 electronic config-
urations, which is due to the absence of inversion
symmetry originating from the interactions between the
lanthanides and the host crystal, was estimated quanti-
tatively. The absorption spectra of Pr3+, Ho3+, and
Tm3+ in YLF were calculated using the explicitly
obtained many-electron wave functions. Though the
absolute positions of the energy levels are not repro-
duced exactly, the relative separations between the
energy levels and the shape of the absorption spectra
are reproduced fairly well without any empirical
parameters. The discrepancy in the absolute energy is
probably due to the underestimation of electron
correlations and is expected to be improved by extend-
ing the basis for CI calculations (e.g., inclusion of states
with F-2p or Ln-6s, 6p, etc.). The geometry optimization
around the lanthanide ions as well as the consideration
of embedding effects beyond the simple Madelung
potential may also improve the results [21,22].
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Note added in proof

Detailed review of the trends in crystal field para-
meters for trivalent lanthanides in LiYF4 based on the
thorough analysis of experimental results available in
the literature [26, and references therein] has been
published few weeks after this paper had been accepted
for publication.
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